Abstract-This paper discusses the reconstruction of permittivity, permeability and conductivity from ground-penetrating radar (GPR) data by using a time-domain reconstruction technique. The objective functional is defined as the integration over time of some power of weighted residual between observed and calculated data. The power of the objective functional is any number larger than 1. The gradients of the functional to the unknown parameters are derived. A synthetic reconstruction example from multi-offset noise-free and noisy data is illustrated by using L 2 , L 1.6 and L 1.2 norm of objective functional. A reconstruction example from experimental common-offset data is also demonstrated. In this example L 2 and L 1.2 norms are used. Both synthetic and experimental reconstructed results show that the reconstructed results by using low-order norms are better than those by using the conventional Euclidean norm.
Surface ground-penetrating radar (GPR) has been applied to various fields and solved many detection requirements [1] [2] [3] [4] [5] . As one kind of interpretation methods, the techniques to reveal quantitative properties of subsurface from GPR data have been investigated by many researches [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . Among these methods, the inverse scattering reconstruction techniques in the time-and frequency-domain have been proposed [9] [10] [11] [12] [13] [14] [15] [16] .
We have discussed a forward-backward time-stepping (FBTS) method to reconstruct electrical property profiles of objects using the time-domain microwave data [15, 16] . The gradients of the cost functional with respect to unknown parameters can be expressed explicitly by introducing an adjoint field. The norm used in the objective functional is Euclidean.
Generally, the reconstructed result may be degraded when the data are contaminated by noise. However, the result may be improved by using low-order norms [17] . In this paper we define the objective functional as the integration over time of some power of weighted residual between observed and calculated data. The power of the objective functional is any number larger than 1. The gradients of the functional with respect to unknown parameters are derived.
To demonstrate the effect of the norms to reconstruction results a synthetic and an experimental reconstruction example for nonmagnetic media are conducted. For the synthetic example the nonconductive subsurface is reconstructed from multi-offset noise-free and noisy data. L 2 , L 1.6 and L 1.2 norms are used in this example. For the experimental example, the reconstruction is conducted from common-offset data by using L 2 and L 1.2 norms. The data are acquired by a network analyzer based radar system. The transmitting and receiving antennas are 2.7-cm long dipoles. Before the reconstruction the data are transformed into two-dimensional (2-D).
RECONSTRUCTION METHOD
Maxwell's equations for TM mode in a 2-D nondispersive medium are expressed as Lv=j, where v = (E y ηH x ηH z ) t , j = (ηJ y 0 0) t , and L ≡Ā Suppose that in a homogeneous background there is an inhomogeneous object. A transmitter at r t m (m = 1, 2, · · ·, M ) illuminates the object by a current pulse J y (t) in the y-direction. For each illumination the y-component of time-domain electric field data are collected by receivers at r r n (n = 1, 2, · · ·, N ). The distributions of the electrical parameters p = (ε r µ r ησ) t are reconstructed from the received data by minimizing a L l norm objective functional
where l > 1 is the power,Ẽ ym (r r n , t) is observed electric field, ν 1m (p; r r n , t) is the calculated field for guessed parameters p, K m (r r n , t) is a weighting function with a value of 0 at t = T , T is the duration of observed data. η is the impedance of vacuum, ε r , µ r are relative permittivity and permeability of the medium, σ is conductivity.
The gradients g ε , g µ , g ησ of Q(p) with respect to ε r , µ r , and ησ are expressed explicitly as
where
, and w mn (p; r, T ) = 0, i y is the unit vector of the y-direction, δ(r − r r n ) is the Dirac function, L * is the adjoint operator of L, sign is the sign function.
The optimization of (1) can be achieved by conjugate gradient method. In each iteration the modification step sizes α i (i = 1, 2, 3) of the parameters can be determined by minimizing (5) where
α i e i ; r r n , t) can be expressed as (6) by using the Taylor's expansion
By substituting (6) into (5), finding the derivatives of (5) to α i (i = 1, 2, 3), and setting the derivatives to zero, we can get a nonlinear system of α i , (j=1, 2, 3) . (7) Eq. (7) can be solved by numerical methods. 
SYNTHETIC RECONSTRUCTION RESULTS
By using 2-D finite-difference time-domain (FDTD) simulation method with perfectly matched layer (PML) absorbing boundary conditions to obtain "observed" data. As shown in Figure 1 , in a homogeneous nonconductive nonmagnetic background medium there are two low permittivity and nonconductive objects. The permittivity of the background and the objects are 6 and 4 respectively. The depths of the top of the objects are 26 cm and 36 cm, and the heights are 15 cm. Each transmitter has 10 receivers, the smallest and largest offset is 2.4 cm and 24 cm, and the interval of receiver is 2.4 cm. The transmitter and receivers are 1.2 cm above the surface. The number of transmitting positions is 18, and the interval of transmitter is 10.8 cm. The first transmitting position is at 0 cm. The reconstruction region is from 24 cm to 184.8 cm in lateral direction and from 0 cm to 81.6 cm in vertical direction. In the reconstruction and simulation the grid size in two directions is 1.2 cm. Figure 2 shows the reconstructed distribution of relative dielectric constant after 70 iterations from noise-free and noisy data. The power of the objective functional is 2. The signal-to-noise ratio (SNR) is 25 dB. SNR is defined as 10 times the logarithm of the ratio of the total energy of signal to that of filtered random noise. The bandwidth of signal is 0-0.8 GHz, and that of the filtered noise is 0-2 GHz. Figure 2 (a) depicts that two objects are reconstructed correctly, in size and position. However, the shape is not reconstructed perfectly, and the reconstructed value of relative permittivity is litter bit greater than the actual value. Figure 2(b) shows that the influence of the noise is severe, and that it deforms the shapes of the objects. However, the objects at their actual positions can be detected from the image. Figure 3 shows the reconstructed distribution of relative dielectric constant after 70 iterations from the noisy data. The power the objective function is 1.6 and 1.2 respectively. Figure 3 illustrates that the influence of the noise is evidently weakened compared with Figure 2(b) . The shape of the objects can be easily recognized. The difference between Figure 3 
EXPERIMENTAL RECONSTRUCTION RESULTS
In laboratory common-offset data are acquired by a network analyzer based radar system. Two 2.7-cm long dipoles are used as transmitter and receiver. The resonant frequency of the antenna is about 4.5 GHz. The data are recorded between 0.5-9.0 GHz with 1800 frequency points.
In a foam box with a length of 50 cm, width of 40 cm, and height of 25 cm dry sand is filled. In the sand two long nonconductive strips of foam with 1.5 cm by 1.5 cm square section are buried at depths of 5 cm and 3.5 cm, the gap of the strip is 6.5 cm. The offset between antennas is 5.2 cm. The direction of dipoles is along that of the strips. The number of measurement positions is 36, and the interval of measurement is 6.5 mm. The dipoles are 3.9 mm above the surface. The first and last measurement point is at 4 cm and 26.5 cm in lateral direction. In reconstruction, the cell size is 1.3 mm by 1.3 mm. Figure 4 is the results of relative permittivity Figure 5 (b) is improved greatly, and the reconstructed value of permittivity of the strips are closer to the true value 1, and the position indicated by the reconstructed conductivity is more accurate.
CONCLUSIONS
Two-dimensional FBTS reconstruction method, in which the power of the objective functional is any number greater than 1, is discussed. A synthetic reconstruction example for nonconductive and nonmagnetic media is conducted. From the reconstructed results of this example it is clear that the influence of noise can be greatly suppressed by using low-order norms. As a result the reconstructed images are more reliable. An experimental example for nonmagnetic media is illustrated too. In data collection and preprocessing, some sources of error, such as, measurement error, positioning error, data transform error, may degrade the quality of reconstruction results. The reconstruction results indicate clearly that the reconstructed results can be improved evidently by using a low-order norm of objective functional.
